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Nove of mateir 1‘,“’“91L

Example 5 Determine ||A| for the matrix v o

@ YoXe men
i ey
A= | QEng=i
501
Nosw 0% vecket = Nenj\‘h éﬂt =0 \.1:\«\ 4= E
Wan =o g
X=0t, % 2 — ot = e+ () Solution 'We have Zo einariil R - wax{au3t 3
LA NS Y= = m\"‘ﬁ‘“"" So =194l 1\*‘\L\ =1
39
=1 e
”"Ew Z|a.,|_|1|+|2|+|—1|— Z|a2,-|=|0|+l3|+|—1|=4.
IESTVER FURA B
and
Wi =man 1)
Funfiohe seare
X=(2,-3,5,-9) - 1xll, =wak { fai 131,15}, \-q]j =9 5
g, D ezl =151+ =1 +1| ="7.
Oiskance in Ly =
EREYIRE rou N SR TP So, Theorem 7.11 implies that || Al = max{4,4,7} = 7. |
DisYance L@
Nx-yh, =max 1%, -3 § In the next section, we will discover an alternative method for finding the /, norm of a

matrix.

EXERCISE SET 71

1. Find /. and /> norms of the vectors.

1)a) \\X“a-mx{lsb\—q\,\ob\%‘\}='—\ a x=(3,-4,0, %):
NN — = 1
N, =Tl afr o+ (B =53 b. x=(2.1,-3,4)

¢. X = (sink, cosk, 2% for a fixed positive integer k X is gosivie
V) Nxlg=may L1sl,1eos ¥, 1% F= 2 d.  x=(4/(k+1),2/k* k*e¢*)' for a fixed positive integer k
! X\\ﬁ@:)':(m«-(a‘)’ ~{1=g% 2. Find/y and /; norms of the vectors.

a x=02,-21¢

b. x=(-4/5.—2{5,1/5,2/5)

c.  x=((2+k)/k, 1/k,—3)" for afixed positive integer k

d. x=(Bk+1)/(2k),2,0,1/k)" for a fixed positive integer k

3. Prove that the following sequences are convergent and find their limits.

" (k)= 1/k l—k~_2 2\t
%) i € Flosk = fim E5E =50 e (L% e (X

Korod ¥ © b. x% = (e*cosk, ksin(1/k),3+ k‘l)'
fio K)o e x® = (ke ¥, (cosk)/k, VKT + k — k)'
T Lo e e A x® = (% K2+ D/ =KD, A/KA +3+5+--+ 2k — D))’

Prove that the following sequences are convergent and find their limits.
a. x® = Q+1/k, —2+1/k, 1+ 1/k%)

X° comerges 4o (0,0,3) b. x® =(Q+k)/k,k/2+k).,2k+ 1)/k)

e. x® = (Bk+1)/k% (1/k)Ink, k%, 2k/(1 + 2k))"

i o \ °= :
?n 2+ K —'&L 3*T‘=3+% 3

P

. 1
@ cosk sink 11—k 3k—2
d. X = S e
k k k> +1 4k+1
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e x=(o-7.9)

~ L
A= g 235
W - =merf jo-(-e2)), fa-Cas)y5-swg
wax{0.2,0.%aHF 05

12 3] [-e2 P N
gel 2 3 a||vs|= 93]S
34 &

5.y L\-?

e ¥ - \DH: may {J1-11, 113600 L8 0 F

mm{{o. 0-3,0.2 }=°~3 8.

Find the /., norm of the matrices.

i 10 15 ﬂ1j=liol+\1S\= 25
s 0 1 ] Q3= ot +141=1
NAl, = max {25,1F =25
2 -1 0
¢: —1 2 -1
. O =l 2
Find the /., norm of the matrices.
a [ 10 -1
: | =l ST
[ 2/2 —+/2/2. 1
C. 1 0 0
L b4 -1 2

10 0

15 1
[ @ =1 7

=1 &0
| -7 0 4
TR =

0 1
" 1/3 —=1/3 1/3
—1/4 172 1/4
i 2 =2 =1

The following linear systems Ax = b have x as the actual solution and X as an approximate solution.

Compute || X — X/« and ||AX — b|| .

1 1 1

a. E.n + 5.\'2 = a
1 1 1
59T

X = (0.142, —0.166)".

€: X1+ 2.\'3 3x3 =1, \—\
2x) 4 3% +4x3 = -1, b= |
,3}'1 -{*— —1_\1 + ()A\'_} = 2 :J

x = (0,-7,5),
%= (=02,-75,54)".

X1+ 2x+3x3 =1,

2x1 + 3x; + 4x3 = —1,

3x1 +4x; + 6x3 = 2,
x=(0,-7,5)",

x = (—0.33,-7.9,5.8)".

0.04x; + 0.01x; — 0.01x3 = 0.06,

0.211 + 0.5X2 = O.ZX3 = 03.

X1+ 20+ 4xy =11,
x = (1.827586. 0.6551724, 1.965517)',

X = (1.8,0.64,1.9).

The following linear systems Ax = b have x as the actual solution and X as an approximate solution.

Compute || X — X||~ and ||AX — b|| .
a. 39x;+1.5x; =54,

6.8,\'1 — 2.9x2 = 3.9,
X = (11

X = (0.98, 1.02)".

& X1 + X2+ x3 =2m,
—X1 +x2—x3=0,
X + X3 =T,
x = (0,7, 1),

X =(0.1,3.18,3.10)".

THEORETICAL EXERCISES

X1+ 2xs=3,
].OOI.X'] — X2 = 0.001,
x=(1,1),

X = (1.02,0.98)".
0.04x; + 0.01x, — 0.01.x3 = 0.0478,

0.4x; + 0.1x; — 0.2x3 = 0.413,

x; + 2,\‘2 + 3.7(3 = 0:14,
x = (1.81, —1.81, 0.65),

X=(2,-2,1).

9. a. Verify that the function || - |||, defined on R" by

n
Ixlle =) lxil,
i=1

is a norm on [R".
b.  Find ||x||; for the vectors given in Exercise 1.

Prove that for all x € R”, |Ix]|; > [|IX[|>.
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lix\\ =0
xe=(®, s %2) -—-us\l‘.l:.!**a
T e ad B T by 7.1 Norms of Vectors and Matrices 447
““’*“'\“\“"“ Notenn  of Mn n Ln-"A“
“iw.f;« ) . D odd eath w
el & il + 4 Example 5 Determine || A| . for the matrix @TM" M:*
Wx gz me 12 \1‘. 5 aslo 3 =
oG R Nl = man s, 131, 191, 141 g A (l) 3 -: o2 v
110 gocte. Space 5 =1 3 "z‘&u= u\.\zm-m‘\-'«
¢ : = slol 41314 Fl|=4
Disrance 14 L2 : i“fz\;\:\-xmu-;
W -9U2% [Cr -9 F + (a9t (29 SOlution  We have %%
(. 3 - AL M“i*-"ﬂ’?
Distance -
W-yilge s [\s-5i) Z;Iau,'l =[1l+121+|-1=4, Z:Ilaz,-l =[0|+ 1B +|—1=4
J= =
Go + pot 442
and
3
D lasl=I51+1= 1+l =7.
j=1
So, Theorem 7.11 implies that ||A|l.. = max{4,4,7} =7. ®

In the next section, we will discover an alternative method for finding the /> norm of a
matrix.

fla) EXERCISE SET 7.1 ..

(e (WS m{\sl, \4), 101, \%\S=“ 1. Flnd'an norms of the vectors. )| 1L ={z(afora) =522
=4
WA,z [, (0 04 (3)' = 5-22 @ x=@ Hm\ib' NV eat™  reans x is positve
b x=(2,1,-3.4) *
I A for a fixed positive integer &
l::-f v. o % X = (4/(k + 1), 2/&). k*e*) for a fixed positive integer k
- and @€ “find /. and /; norms of the vectors, . VRN b= 4

lzM5= [(sinn) s (cosie)* o+ (2% s kel ’
(I y meas W52q,  x=(2,-2,1) T
(J St e b x=(-4/5-2/5.1/5.2/5)

_c & x=(2+k)/k 1/vk, =3) fora ﬁ%mvc integer k
_&5 Ao x=((3k+ 1)/(2k), 2.0, 1/k)’ for a fixed positive integer k
3. Prove that the following sequences are convergent and find their limits.

[
PR Vi | ' 7
L5080 can E k) — 1/k. 1 l =, ‘ ] 230)
‘qjﬂﬁ i /5.8 A& 2 _P,mgv“c,osﬁi -?m—-%(-

St:"o b. xﬂ*-(ﬁmk ksin( yk;,u-t-ﬁ)
nd
w(©) = \(@;O k) —i? A licated, no weed +o &
=3 b > . i
\:“*Bif‘t 3"/{‘ 5 -
= o : es o ,,(:,_,‘Q 4.  Prove that the following sequences are convergent and find their limits.

o xO = Q4 17k, =24 17k, 1+ 1/K2)
b. x% = (Q24+Kk/k . k/(2+K), 2k 4+ 1)/k)
. xW = ((3k+ 1/ (1/k)Ink, ke, 2k/(1 4 2k))

@ cos k ?ﬂ | -k 3/(—-)
. 3 ‘( kK 'k R+ 4k+1
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b.

(10 0
| 15 1

11T =11
| o 1
" 1/3 -1/3 |/3]

—-1/4 12 1/4
% S =1

The following linear systems Ax = b have x as the actual solution and X as an approximate solution.

5.  Find the /o norm of lhe Tatm.es

= 10 +12 5!9@

a‘ @ l’:‘o‘*‘ \’-‘:

¥ |« ﬂ lw\«° =mow 26, 1] =25}
[ 2 -1

'f

e |-1 2 -1 oo ol

| 0 -1 2 } et
6. Find the /. norm of the matrices.

4 [ 10 -1

L=l B
[ V2/2 =272 1

c. 1 0 0
! b4 -1 2

x= (0,~%,5)% =" %
H(o2,~3-554)" = Compute [|x — X/~ and | AR — b|[~.
Wx-Rigmefloro2l, t3425115-5y]3 L gple L
m{azos::n}os 2 3 63

FAPR S
3T 168

A% -0l = mox f3-1) 1341, nsafe=

Gy s + 612,

b.

N+20+3xa=1,

2x1 4+ 3+ 4x3 = —1,

3x; +4x + 6x3 = 2,
x=(0,-7,5)',

X = (-0.33, -7.9,5.8)".

0.04x; + 0.01x> — 0.01x3 = 0.06,

0.2x) + 0.5x; — 0.2x3 =0.3,

X + 2x; + 4dx; =11,
X = (1.827586, 0.6551724, 1.965517)',

% = (1.8,0.64, 1.9)".

ws (Do droch<p3)  * (BN {, ).
e following linear systems Ax = have as the actual solution and X as an approximate solution,

Compute ||x — X[|~ and ||AX — b .



Example 3

. \ -
Show that Y zry =22
' Ko franspose €F=e0

Orie ;
"an v v @
converges to X = “with respect to the /.. norm. “? - - % =0 _awet’

—:ﬁf”yL

x4 — (x:“ A;“.x;“ m =

Solution Because

i 1 =1, 'Iim.(2+l/k)=2. 'Iim3/k2=0 and llme ‘sink = 0,

c s OO0 k—»00 k=00 k— o0

Vel MW = ¥aege =2 Theorem 7.6 implies that the sequence {x*'} converges to (1, 2, 0, 0)' with respect to the

g‘o-\'

war W (oo nOIM. w




