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Definition 5.1 A function £(t. v) is said to satisfy a Lipschitz condition in the variable y onaset D C R
if a constant L > 0 exists with
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whenever (¢, y;) and (t, vo) are in D. The constant L is called a Lipschitz constant
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Example 1 Show that /(2. y) = 1|y satisfies a Lipschitz condition on the interval D = { (1, y) | 1 £ b# tiesede conduab
t <Gund =3 <y<4).
i
Solution  For each pair of points (¢, y;) and (¢, y2) in D, we have
[F @y = f @)l = gyl = tyzll = lel ] = 1yall < 20y = yal.

Thus, f satisfies a Lipschitz condition on D in the variable y with Lipschitz constant 2.
The smallest value possible for the Lipschitz constant for this problem is L = 2 because,
for example,

|f2: 1) = f(2,0)] = |2=0] = 2|1 = 0. o



Suppose £(1, ) is defined on a convex set D C R*. If a constant L > 0 exists with
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—(t,y)| <L, forall(t,y)eD, (5.1)
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then f satisfies a Lipschitz condition on D in the variable y with Lipschitz constant L. m

EXERCISE SET 51

1. Use Theorem 5.4 to show that each of the following initial-value problems has a unique solution and

find the solution.
q(,\-l»)}:jfeﬁ\ .
@ y=ycost, 0<e<1, 30 =1,
2
b ¥= I:y+r2f*. 1<t<2, y1)=0.

Be 12 Vo5
C. '\" :‘;'\'+T.e,- 1 <t 52 }'(l): \/26.
A\

, 4y
@ v=—=,0<t<1,¥0)=1
1+




p CondB

\)@\9;j¢osk‘\,g5 j(c)‘
3(hy) =y ost
EAETRE sk
ply,5) TS .
\3(\,,,5-3;0,3.3\ =\, @Y -, cost ) -t el
: =A\my A
C&Om CRQ\ =S e
A Lgi-‘“l NasaFor T+ hasa
9,;«1‘-:5«\-"0“

o s BN vl

7 L isa) o consterd [iKeo? ) '\\' wo‘\')’ hare a unigue scubien

Profor eyt
/3 (e
¥

ok &
= cos\t)

\

tos0=] & PN Tl
oS\ =%

2 (gust =t

2
<)

SF' nding SoWRens

Oy = yeosk & 2
Lo = 2% = i
., EE :/Ec/-z ® 3 J |
S-ﬂl‘k =§w_w (scratle, maeb st v 20 €72 )
L '
Q«\y A § \? 4200
€ [5,& +Q)
ye é Qeosk A< g gabye
by e,s;‘k- e."' Q/c': =
yie € g
\ch,\ c e’m =4 %%t
cyw* CQ& C1lsA
C=4

3(}): t.



\>d>\j,=L:S?a octsl Y@=t

—_—

?(’r ) L\U

Y+ t“
mg u«b
) ey
10,9~ P! =]

ue
m"j = m*j m"l Yy

o)
k-0 W

£

=Q

\

%
-lo

Eas

Lrtd \t:] ‘j,(_‘i —L\i—:Q q_./¥'\3n)er so L=2

Jhecelbore Hrerisa
unique solubion

&{\o\'e/' S?(\G-\-Qn\: - Rl

C
C’Q‘\ o= 'R(\O\

S&:n._glf;ak
Y [33
am\ey
& (&
.}1 a (\&\»‘\ = ‘&TL )
jﬁ& 3 da
4y =3
:S—"} WAk &
e Q%
n
4%
X
”L(%‘“

Say = %Qﬁ(\«‘.‘) e

Raa s Rnc

. Ralra) s Roc
By = RalI4E) 5 oy

=§M\’\IF)C
y -\ e
Lo\— W*—C =4 =¢=0

Y= (.\4\')

\,\_[\u\ oot v =1

o [y o e =)
R\RER) -

-\
ceo



