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The need often arises for evaluating the definite integral of a function that has no explicit
antiderivative or whose antiderivative is not easy to obtain. The basic method involved in

approximating f ab f(x) dx is called numerical quadrature. It uses a sum Z?:o a; f(x;) to

approximate fab f(x) dx.
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Note that when n is an even integer, the degree of precision is n + 1, although the
interpolation polynomial is of degree at most n. When # is odd, the degree of precision is
only n.

Some of the common closed Newton-Cotes formulas with their error terms are listed.
Note that in each case the unknown value & lies in (a, b).
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Open Newton-Cotes Formulas

The open Newton-Cotes formulas do not include the endpoints of [a, b] as nodes. They
use the nodes x; = xo + ih, foreachi =0, 1,... ,n, where h = (b —a)/(n + 2) and
Xo = a + h. This implies that x, = b — h, so we label the endpoints by setting x_; = a
and x,4; = b, as shown in Figure 4.6. Open formulas contain all the nodes used for the
approximation within the open interval (a, b). The formulas become
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where «; =/ Li(x)dx.
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/ fx)dx = —[2f(xp) = fx;)+ 2
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Exercise Set 4.3

1.  Approximate the following integrals using the Trapezoidal rule.~=1
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Repeat Ezgcise 1 using Simpson’s rule. == %

C. / x lnx dx = = Z< VP Lf(\if?—Pn\-Zj’)*(l.Yﬂ%\gj
® o & & 22\

¥ o= | /
-)( _ \,5(0‘2§>\42>

X, = S



poeN Uosed

-y - —

S
CD\(‘eS C,&‘Q

WS -)
wdesd- =) k‘:’?ezo}d"d W= —-O/-::Z—
Yoo eze sieese
n= T QT 3SINPSs0
90 n=> n= \6?@(\ C%}elg/
Repeat Exercise 1 using the Midpoint rule. ©=©
105 :—\(‘ ‘ — \
2 h = ——
c. x“ Inx dx ox2
l:‘ﬁ-\ Xo=1506-25= 125

= W
p— 2(0.25’3(\,Zf2?n\,2§\):w3 \15 \(_\%

9 % Lre) 51423



The Trapezoidal Rule

To derive the Trapezoidal rule for approximating fab fx)ydx,letxo =a.xy, =b,h=b—a
and use the linear Lagrange polynomial:

b /
/ fx)dx = %[f(xo) + f(xp)]



Simpson’s Rule

Simpson’s rule results from integrating over [a, b] the second Lagrange polynomial
equally-spaced nodes xo = a, xo = b, and x; = a + h, where h = (b — a)/2.
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n = 0: Midpoint rule
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3.

Find a bound for the error in Exercise 1 using the error formula,
and compare this to the actual error.
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