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Cubic Spline Interpolation'

The previous sections concerned the approximation of arbitrary functions on closed intervals
using a single polynomial. However, high-degree polynomials can oscillate erratically; that
is, a minor fluctuation over a small portion of the interval can induce large fluctuations over
the entire range. We will see a good example of this in Figure 3.14 at the end of this section.

An alternative approach is to divide the approximation interval into a collection of
subintervals and construct a (generally) different approximating polynomial on each subin-
terval. This is called piecewise-polynomial approximation.

Piecewise-Polynomial Approximation

The simplest piecewise-polynomial approximation is piecewise-linear interpolation, which
consists of joining a set of data points
{(xo, F(x0)), (X1 F(X1))evne s (X, f(x0))])

by a series of straight lines, as shown in Figure 3.7.
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Definition 3.10 Given a function f defined on [a.b] and a setof nodesa = xg < x; < -+ < x, = b, a

cubic spline interpolant S for f is a function that satisfies the following conditions:

(a)  S(x) is a cubic polynomial, denoted S;(x), on the subinterval [x;. x; ] for cach
J=0,1;.00in=1;

(b)  S;(x;) = f(x;)and S;(xj41) = f(xj4y) foreach j =0,1,..., =13

(€ Sjsi(xjs) = 8i(x; ) foreach j =0, 1.... . n = 2; (Implied by (b).)

(@) 8, (xj41) =S)(xjy) foreach j=0,1.... .n =2

(e) ST (xj41) = Sj(xj40) foreach j=0,1,....n =2

(f)  One of the following sets of boundary conditions is satisfied:
(i)  §"(xg) = S"(x,) =0 (natural (or free) boundary);
(i) S'(xg) = f'(xy) and S'(x,) = f'(x,) (clamped boundary).



Natural

Solines
K 0 G smitndmy i 0 ] and b and x are the vectors
hog 2(hy+ hy) hy _ N 0 ‘
. ila—a) - /T(“l - agp) co
A 0. /I|". 2(h| j—ll:) Il:..‘ . : 9 cl
A=|: (:) b= : and x=
B B e ol 3
: S hes DRt R Hs ,,”_I(u,, Uy—1) (),‘";:(u.._x ay_2) s
Dt A AN 0 |
hy
by = F"(l" —ap) — T“" + 2¢g) ;O Ie no)rux‘ox
/l| 'go" ‘%nl”‘(\
e ¢, O — R S
h.—hl(u_ ap) 3(<_4- cy) Zor gy o %y
\ O
\ P= ) e 2
do = —(¢; — ¢o) & \ Q =L, 20™ N
3/14) \
o O
1 pE1
Ih el =
dy 3’“11, )

b= {2 ) b [

3 fa-
%(a,—qﬁ' o (GRS

o



PR T PP S S

EXERCISE SET 35

1. Determine the natural cubic spline § that interpolates the data f(0) = 0. f(1) = 1, and f(2) = 2.

2. Determine the clamped cubic spline s that interpolates the data f(0) =0, f(1) = l and f(2) =2
and satisfies s'(0) = s"(2) = L.

3. Construct the natural cubic spline for the following data.

a. f(x) b. x fix)
0.8 | 0.22363362
1.0 | 0.65809197
[ d x f(x)

—0.0247500 0.1 | —0.62049958
0.3349375 0.2 | ~0.28398668
11010000 0.3 | 0.00660095

0.4 | 0.24842440

4.  Construct the natural cubic spline for the following data.

O fx) b. ¥ f(x)
0 | 1.00000 —0.25 | 1.33203
0.5 | 2.71828 0.25 0.800781
G X flx) d.
0.1 | —0.29004996 -1 0.86199480
0.2 | —0.56079734 —0.5 | 0.95802009
0.3 | —0.81401972 0 1.0986123

0.5 1.2943767
5. Thedatain Exercise 3 were generated using the following functions. Use the cubic splines constructed
in Exercise 3 for the given value of x to approximate f(x) and f'(x) and calculate the actual error.
a. f(x)=xlInx; approximate f(8.4) and f'(8.4).
b. f(x)=sin(¢* —2); approximate f(0.9) and f'(0.9).
¢ f(x)=x+4.001x* +4.002x + 1.101;  approximate f(~§) and f’(~1‘).
d.  f(x)=xcosx —2x* 4 3x —I: approximate f(0.25) and f'(0.25).
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EXERCISE SET 35

1. Determine the natural cubic spline § that interpolates the data f(0) = 0. f(1) = 1, and f(2) = 2.

2. Determine the clamped cubic spline s that interpolates the data f(0) =0, f(1) = l and f(2) =2
and satisfies s'(0) = s"(2) = L.

@ Construct the natural cubic spline for the following data.

a. fx) b x fx)
: 17.56492 0.8 | 0.22363362
8.6 | 1850515 1.0 | 0.65809197
[ d x f(x)
405 —0.0247500 0.1 | —0.62049958
-0.25 | 0.3349375 0.2 | —0.28398668
0 11010000 0.3 | 0.00660095
0.4 (.24842440

4.  Construct the natural cubic spline for the following data.

O fx) b. ¥ f(x)
0 | 1.00000 —0.25 | 1.33203
0.5 | 2.71828 0.25 0.800781
G X flx) d.
0.1 | —0.29004996 -1 0.86199480
0.2 | —0.56079734 —0.5 | 0.95802009
0.3 | —0.81401972 0 1.0986123

0.5 1.2943767
5. Thedatain Exercise 3 were generated using the following functions. Use the cubic splines constructed
in Exercise 3 for the given value of x to approximate f(x) and f'(x) and calculate the actual error.
a. f(x)=xlInx; approximate f(8.4) and f'(8.4).
b. f(x)=sin(¢* —2); approximate f(0.9) and f'(0.9).
¢ f(x)=x+4.001x* +4.002x + 1.101;  approximate f(~§) and f’(~1‘).
d.  f(x)=xcosx —2x* 4 3x —I: approximate f(0.25) and f'(0.25).



14.

Construct the clamped cubic spline using the data of Exercise 3 and the fact that

S£(8.3) = 1.116256 and f'(8.6) = 1.151762.
b.  f'(0.8) = 2.1691753 and f'(1.0) = 2.0466965.
¢ f(~0.5) =0.7510000 and f'(0) = 4.0020000.
d.  f'(0.1) = 3.58502082 and f'(0.4) = 2.16529366.

Construct the clamped cubic spline using the data of Exercise 3 and the fact that

a.  f'(0)=2and f(0.5) = 5.43656.

b.  f(—0.25) = 0.437500 and f'(0.25) = —0.625000.
c.  f'(0.1) = —2.8004996 and f'(0) = —2.9734038.
d. f'(=1)=0.15536240 and ['(0.5) = 0.45186276.

A natural cubic spline S on [0, 2] is defined by

So(x) =1 +2x — &7,
Stx) = { of .

Six) =2+blx — ) +clx— 1) +d(x —1)°,

Find b, ¢, and d.
A natural cubic spline § is defined by

o {S(,(x) =1+ B(x—1)—D(x—1)%

Six) =1+b(x—2)— 3x =2y +d(x —2)%,

1f § interpolates the data (1, 1), (2, 1), and (3,0), find 8B, D, b, and d.
A clamped cubic spline s for a function f is defined on [1, 3] by

si(x) =a+b(x —2) 4+ clx — 2)* +d(x — 2)%,

{x..m =3 — D) +2( = 1) — (x = 1Y%,
s(x) =

Given f'(1) = f'(3).finda. b, ¢, and d.
A clamped cubic spline s for a function f is defined by

spx) =14 b(x — 1) —d(x — 1> + T(x — )%,

so(x) = 1 4 Bx +2x% — 203,
sly) =

Find f'(0) and f'(2).
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11. A natural cubic spline S on [0, 2] is defined by

So(x) =1 + 2x — x7, if0<x <1,

b Si)=2+bx=D+cx=11+dx-1)7 ifl<x<2

Find b, ¢, and d.
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13. A clamped cubic spline s for a function [ nedon |1, 3] by
s P ACE IS S

5} S(x) =3(x -1 +2x - 1)*—(x-1), if B<x <2,
y su(x)—@+b(x—2)+ﬁr@+m if 2<x <8
YYD

Given (1D =((3). find a. b, c, and d.
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