3.4

Hermite Interpolation




Hermite Polynomials Using Divided Differences

There is an alternative method for generating Hermite approximations that has as its basis
the Newton interpolatory divided-difference formula (3.10) at x, xy. ... . x,: that is,
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The alternative method uses the connection between the nth divided difference and the nth
derivative of f. as outlined in Theorem 3.6 in Section 3.3.
Suppose that the distinct numbers xy, Xy, ... . x, are given together with the values of
f and f" at these numbers. Define a new sequence zg. Zy. ... , Z2,4) by

22i = Z2ip1 = Xiy, foreachi=0,1,....n,

and construct the divided difference table in the form of Table 3.9 that uses zgy, 2y, ...,

2n41-

Since zy; = za:4y = a; for each i, we cannot define [z, 22;44] by the divided-
difference formula. However, if we assume, based on Theorem 3.6. that the reasonable
substitution in this situation is f[za;, 221441 = f'(z2) = f'(x;). we can use the entries

L) frxn)s ey ()
in place of the undefined first divided differences

Flzo. zi), flza, zals - . - . flZ20. Z2041]-




Table 3.16

The remaining divided differences are produced as usual, and the appropriate divided differ-
ences are employed in Newton’s interpolatory divided-difference formula. Table 3.16 shows
the entries that are used for the first three divided-difference columns when determining the
Hermite polynomial Hs(x) for xy. x, and x,. The remaining entries are generated in the
same manner as in Table 3.9. The Hermite polynomial is then given by
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Hay1 () = flzol + D flzor--- 2l = 20)(x = 21) -+ (x = z).
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A proof of this fact can be found in [Pow], p. 56.
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Example 2  Use the data given in Example | and the divided difference method to determine the Hermite
polynomial approximation at x = 1.5,

Solution The underlined entries in the first three columns of Table 3.17 are the data given
in Example 1. The remaining entries in this table are generated by the standard divided-
difference formula (3.9).

For example. for the second entry in the third column we use the second 1.3 entry in
the second column and the first 1.6 entry in that column to obtain

0.4554022 — 0.6200860
16-13

For the first entry in the fourth column, we use the first 1.3 entry in the third column and
the first 1.6 entry in that column to obtain

= —(0.5489460.

—0.548946]06—— (l—(;.5220232) — _0.0897427.

The value of the Hermite polynomial at 1.5 is

Hs(1.5) = f[1.3] + £(1.3)(1.5 — 1.3) + f[1.3, 1.3, 1.6](1.5 — 1.3)*
+ fI1.3, 1.3, 1.6, 1.6](1.5 — 1.3)*(1.5 — 1.6)
+ f11.3, 1.3, 1.6, 1.6, 1.9](1.5 — 1.3)*(1.5 — 1.6)*
+ fI1.3, 1.3, 1.6, 1.6, 1.9, 1.9](1.5 — 1.3)*(1.5 — 1.6)*(1.5 — 1.9)
= 0.6200860 + (—0.5220232)(0.2) 4 (—0.0897427)(0.2)*
+0.0663657(0.2)*(—0.1) + 0.0026663(0.2)*(—0.1)?
+ (—0.0027738)(0.2)%(—0.1)*(=0.4)
=0.5118277.




Table 3.17 13 0.6200860

—0.5220232
0.6200860 ~0.0897427
—0.5489460 0.0663657
0.4554022 ~0.0698330 0.0026663
—0.5698959 0.0679655 —0.0027738
0.4554022 —0.0290537 0.0010020
T —0.5786120 0.0685667
0.2818186 ~0.0084837
—0.5811571
19 02818186

EXERCISE SET 34

1. Use Theorem 3.9 or Algorithm 3.3 to construct an approximating polynomial for the following data.
a. x| fm | r® b x f@o | fw
8.3 | 17.56492 | 3.116256 0.8 | 0.22363362 | 2.1691753
8.6 | 18.50515 | 3.151762 1.0 | 0.65809197 | 2.0466965
x | @ | W S @) S
—0.5 —0.0247500 | 0.7510000 ). 8502082 Yhon 2@ails
—0.25 | 0.3349375 | 2.1890000 ! : 3 14033271 R0
0 1.1010000 | 4.0020000 i 043 (mak 3 psa¥)
0. 24842440 2 16529366
Use Theorem 3.9 or Algorithm 3.3 to construct an approximating polynomial for the following data.
a  x f@ | r@ b. x| s | @
0 1.00000 | 2.00000 —-0.25 | 1.33203 0.437500
0.5 | 2.71828 | 5.43656 0.25 | 0.800781 | —0.625000

X f(x) | f(x) x | f(x) | fx)
0.1 | —0.29004996 | —2.8019975 —1 | 0.86199480 | 0.15536240
0.2 | —0.56079734 | —2.6159201 —0.5 | 0.95802009 | 0.23269654

0.3 | —0.81401972 | —2.9734038 0 1.0986123 | 0.33333333
0.5 1.2943767 | 0.45186776




1.  Use Theorem 3.9 or Algorithm 3.3 to construct an approximating polynomial for the following data.
a x| f® | fx b x| Sf | fw

8.3 | 17.56492 Yoo YD 0.8 | 022363362 | 2.1691753
86 | 1850515 1.0 | 065809197 | 2.0466965
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2. Use Theorem 3.9 or Algorithm 3.3 to construct an approximating polynomial for the following data.
¢ x| f(x) | S

0.1 | —0.29004996 | —2.8019975
0.2 | -0.56079734 | —2.6159201
0.3 | -0.81401972 | -2.9734038
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The data in Exercise | were generated using the following functions. Use the poly ials constructed
in Exercise 1 for the given value of x to approximate f(x) and calculate the absolute error.

f(x) =xlInx: approximate f(8.4).

flx) =sin(e* —2): approximate f(0.9).
fx) = x* +4.001x% +4.002x + 1.101;  approximate f(—1/3).
f(x) =xcosx —2¢? +3x — 1 approximate f(0.25).




