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Aitken’s A2 method is based on the assumption that the sequence { p,}°,, defined by

(P> — 1o)”
PaE>— 2])11+1 + Pn .
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EXERCISE SET 2.5

1. The following sequences are lincarly convergent. Generate the first five terms of the sequence {p,}
using Aitken’s A? rmthod

alw 3 y 0.5
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a. po=0.5, p,, = (7 —et 4+ p2 /3, n= 1 P=d-e S o 3"8‘3 — o004
b. po=075 p,= @1/ n>1
c. po=05, p, =31 npn=1

d. py=05, p,=cosp,—. n=1

2. Considerthe function f(x) = €® +3(In2)%*¢> — (In 8)¢* —(In 2)*. Use Newton’s method with py = 0
to approximate a zcro of f. Generate terms until | p, 1 — pa| < 0.0002. Construct the sequence {p,}.
Is the convergence improved?

3. Letg(x) =cos(x—1)and p”” = 2. Use Steffensen’s method to find pf,".

4. Letg(x) =1+ (sinx)® and p)” = 1. Use Steffensen’s method to find p” and p{”.

5. Steffensen’s method is applied to a function g(x) using py) =1 and /7‘3“’ = 3 to obtain p::,” =0:75%
What is p|”?

6. Steffensen’s method is applied to a function g(x) using 170 = landp, " = /2 to obtain p“)” = 2.7802.
Whatis pi"? 1. w

7. Use Steffensen’s method to find, to an accuracy of 107, the root of X’ —x—1=0thatliesin[1,2],
and compare this to the results of Exercise 6 of Section 2.2.
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3. Letg(x)=cos(x—1) and\ 2. Use Steffensen’s method to find py" .
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4. Letg(x) =1+ (sinx)® and pf,o’ = |, Use Steffensen’s method to find p((,” and pf,z’
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5. Steffensen’s method is applied to a function g(x) using p; = 1 and py”’ = 3 10 obtain p,’ = 0.75.

What is p\”?
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7. Use Steffensen’s method to find, to an accuracy of 10~*, the root of x* — x — | = 0 that lies in [1,2].

and compare this to the results of Exercise 6 of Section 2.2.
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Steffensen’s Method

By applying a modification of Aitken’s A? method to a linearly convergent sequence ob-
tained from fixed-point iteration, we can accelerate the convergence to quadratic. This
procedure is known as Steffensen’s method and differs slightly from applying Aitken’s
A? method directly to the linearly convergent fixed-point iteration sequence. Aitken’s A2
method constructs the terms in order:

po. p1=g(po), p2=g(p1), Po=1{A*}(po).
p3=g(p2), P ={ANpy)....,

WMan w@\s% e @ Runckion in P subsseripk ©°= g(ef)
where {A?} indicates that Eq. (2.15) is used. Steffensen’s method constructs the same
first four terms, po, p1, p2, and po. However, at this step we assume that pg is a better
approximation to p than is p, and apply fixed-point iteration to pp instead of p,. Using this
notation, the sequence is

P2, p@=g®), P =2, P =(81P®), PP =g(P),..
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Guidelines

Step1

When given an equation, for example x* + 4x2 - 10 = 0, we must first solve for x. In this case, after solving for x, we will get

We will then modify x to g(x) after solving for x to highlight that this is our fixed point iteration.

10
gx) =4
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pl
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pZ

1.5

1.348399725

1.367376372
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Next, for p0 k=1, we have to use the Steffensen’s formula.

~ (P...~P)
P — P _ n+1 n
n (P *7_2Pn+l+Pr)

n

Substitute all n value with 0.

S_ p PP,
— Sy (P,—2P +P))



Substitute all p values with the existing values on the table.

’I; 15 _ (1.348399725-1.5) °
L (1.367376372—2(1.348399725) +1.5)

Then, insert the value calculated into the table. To calculate pl and p2 for k=1, use the same iteration method we did above in Step 5. Repeat step 6 again
to get the next p0 value for k=2 and k=3.
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1.365230013
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p, = 1.365230013



Example 7

Use Steffensen’s method to find x3 —x—-1=0, to
an accuracy of the root of that lies in [1, 2],



Fill in the table by repeating the steps.

k b , b 1P, =P,
0 | 1.414213 1.306604 -

1 1328777 1323849 1324905 | 0328777
2 1.324719 0.0004058







Steffensen’s Method

x—2"=0
x =2
glx) =2"

p,= 0
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0.00000000
0.66666667
0.64121619
0.64118574

1.00000000
0.62996052
0.64117221

0.50000000
0.64619410
0.64119176

0.66666667
0.02545047
0.00003045




